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Abstract.We introduce the Gauge Vector-Tensor (GVT) theory by extending the AQUAL’s
approach to the GravitoElectroMagnetism (GEM) approximation of gravity. GVT is a gen-
erally covariant theory of gravity composed of a pseudo Riemannian metric and two U(1)
gauge connections that reproduces MOND in the limit of very weak gravitational fields while
remains consistent with the Einstein-Hilbert gravity in the limit of strong and Newtonian
gravitational fields. GVT also provides a simple framework to study the GEM approximation
to gravity. We illustrate that the gravitomagnetic force at the edge of a galaxy can be in
accord with either GVT or ΛCDM but not both. We also study the physics of the GVT the-
ory around the gravitational saddle point of the Sun and Jupiter system. We notice that the
conclusive refusal of the GVT theory demands measuring either both of the gravitoelectric
and gravitomagnetic fields inside the Sun-Jupiter MOND window, or the gravitoelectric field
inside two different solar GVT MOND windows. The GVT theory, however, will be favored
by observing an anomaly in the gravitoelectric field inside a single MOND window.
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1 Introduction
Either 95% of the observed universe is made of things that have not yet been observed in the
Solar system, or the law of dynamics or gravity should be modified in very low accelerations
or very weak gravitational fields. The Λ-CDM model of cosmology buys the first approach.
Its challenges [1, 2], however, signal that "the physics of the dark sector is, at the very least,
much richer and complex than currently assumed, and that our understanding of gravity and
dynamics might also be at play" [3]. The second approach is the modified theories of gravity.
The modified theories of gravity can be classified into the following two categories:
1. Phenomenological search for the dynamics of the metric.
2. Introducing new degrees of freedom for gravity in addition to the metric.
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The first class assumes that gravity is described by a pseudo Riemannian metric and the
action of gravity is given by
S =
∫ √
−det g(Lg[gµν , Rµνλη,∇µ] + Lm[Ψ]) , (1.1)
where Rµνλη is the Riemann tensor constructed out of the metric gµν , Lm[Ψ] is the matter’s
action not necessarily minimally coupled to the metric, and Lg is the gravity’s action. The
Einstien-Hilbert theory assumes Lg = R where R is the Ricci scalar. The purchasers of this
class choose to reject the Einstein-Hilbert assumption and search for families of Lg reproducing
the dynamics of nature in large scales. Considering the infinite number of possibilities in
choosing L and the finite set of the cosmological data, this purchase will work [4]. It would
not necessarily be in accord with the principle of the Occam’s razor. It also will lead to a set
of nonlinear partial differential equations of degrees larger than two, a set of equations which
most of rational humans would despise. These are, however, the prices to pay.
The second class of the modified theories of gravity introduces new degrees of freedom
in addition to the metric to describe gravity. The most known example of this class is the
TeVeS theory [5]. TeVeS introduces a pseudo Riemannian metric, a scalar and a vector field
in order to phenomenologically describe the physics in very weak gravitational fields (the
MOND regime) . The TeVeS theory defines new nonlinearity in order to solve the physics of
the MOND regime. The introduced nonlinearity, however, is not local to the MOND regime of
the theory. It continues to the very strong gravity regime of theory. The physics of very strong
gravitational systems, therefore, strongly constrain the TeVeS theory. This signals that the
introduced nonlinearity of the TeVeS is not appropriate to describe the physics of the MOND
regime. One should define a nonlinearity capable of producing the physics of the MOND
system such that the nonlinearity does not propagate all the way down to the Newtonian and
strong regime of the theory. In order to perform such a definition, we go back to the very
root of the TeVeS theory: the AQUAL theory. We show how to apply the AQUAL procedure
upon the GravitoElectroMagnetism approximation of gravity. This introduces a non-covariant
version for GEM in MOND regime whose generally covariant version demands introducing
gauge vector fields rather than a scalar field. We, thus, introduce two U(1) gauge vectors
in addition to the metric and present a generally covariant theory for GEM in the MOND
regime. This theory, which we call the Gauge Vector Tensor theory, reproduces MOND in
the limit of very weak gravitational fields while remains consistent with the Einstein-Hilbert
gravity in the limit of strong and Newtonian gravitational fields. In contrary to the TeVeS
theory, the GVT theory is in total agreement with the physics of the strong gravity. Its
equations of motion are also much simpler than those of the TeVeS theory.
The paper is organized as follows: Sections 2 and 3 review the GravitoElectroMagnetism
(GEM) to gravity. Section 4 reviews the algorithm that leads to the AQUAL theory as a
realization of the MOND paradigm. Section 5 applies the AQUAL’s algorithm to GEM.
Section 6 introduces one gauge field and presents a covariant realization of the GEM to
MOND. It also discusses the phenomenological constraints on the theory. Section 7 introduces
an additional gauge field in order to make the theory fully consistent with the predictions of
the Einstein-Hilbert theory for the strong and Newtonian gravitational field. Section 8 studies
various regimes of the GVT theory. The GVT theory possesses the Newtonian and strong
regime of gravity, the MOND regime and the post-MONDian regime. Section 9 calculates
the gravitomagnetic field of a spinning galaxy in the ΛCDM theory and the GVT theory.
It shows that the gravitomagnetic field of a galaxy can be in accord with only one of them.
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Section 10 studies the physics of the GVT theory around the gravitational saddle point of the
Sun and Jupiter system. It notices that the conclusive refusal of the GVT theory demands
measuring either both of the gravitoelectric and gravitomagnetic fields inside the Sun-Jupiter
MOND window, or the gravitoelectric field inside two different solar GVT MOND windows.
It concludes that the GVT theory, however, can be favored by observing an anomaly in the
gravitoelectric field inside a single MOND window. Section 11 provides the conclusion and
outlook.
2 Response of the test probes to the gravitomagnetic field
Classical gravity is governed by a single scalar field, the gravitational potential. The Newto-
nian gravitational potential satisfies:
∇2Φ = 4piGρ, (2.1)
where ρ is the density of matter. Albert Einstein attempting to uplift gravity to a relativistic
regime, first replaced the space-time metric of Minkowski by
ds2 = −c(Φ)2dt2 + dx2 + dy2 + dz2, (2.2)
later with the Gromann’s help, he introduced the Riemannian metric,
ds2 = gµνdx
µdxν , (2.3)
as the relativistic gravity [6]. The relativistic theory of gravity has a symmetric rank-two
tensor: the metric. The metric has 10 components in four dimensions, 9 more than the degrees
of the classical gravity. To perceive the physical meaning of the degrees of the freedom of
the relativistic theory, let the trajectory of a slow moving particle be considered in a static
deviation from the Minkiowki metric. In so doing, the metric reads
ds2 = ηµνdx
µdxν + hµνdx
µdxν , (2.4)
hµν = hµν(x
i) , (2.5)
hµν  1 . (2.6)
Only for a relativistic mass distribution like a geon [7] the off-diagonal components of hij are
comparable to its other components. The contribution of the hij are also suppressed for the
orbits of slow moving particles. We are considering the geometry around a non-relativistic
mass distribution. We also study the orbits of massive slow moving particles. In these
circumstances the orbit of the particles can be derived from
S = −m
2
∫
dτgµν x˙
µx˙ν ≈ −m
2
∫
dτ
(
c2(−1 + 2A0)t˙2 + (x˙i)2 + 2cAit˙x˙i
)
, (2.7)
wherein
∑
i 6=j hij x˙
ix˙j has been ignored, and τ is an affine parameter and
c2A0 ≡ 1
2
h00 , (2.8a)
cAi ≡ hi0 , (2.8b)
and
. =
∂
∂τ
. (2.9)
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The Euler-Lagrange equation for t derived from (2.7) reads
c2t˙(−1 + 2A0) + 2cAix˙i = cte , (2.10)
where t˙(−1 + 2A0) stands for the gravitational redshift while 2Aix˙i represents a relativistic
term1. Eq. (2.10) can be solved for t in term of τ :
t = τ +O(A) , (2.11)
wherein appropriate unite of time is chosen. The Euler-Lagrange equation for xi derived from
(2.7) then leads to
d2xi
dτ2
= c2∂iA0 + cδ
ij(∂kAj − ∂jAk)dx
k
dτ
. (2.12)
Utilizing (2.11) then results
d2xi
dt2
= c2∂iA0 + cδ
ij(∂kAj − ∂jAk)dx
k
dt
+O(A2) . (2.13)
Now let it be redefined
A0 → 1
c2
A0 = Φ , (2.14)
Ai → 1
c2
Ai , (2.15)
using which the equation (2.13) can be rewritten as follows
x¨ = −∇Φ + v
c
× (∇×A) . (2.16)
This allows interpreting ∇ × A as a gravitomagnetic field. ∇ × A causes precessions of the
orbits of a test particle. This precession is referred to as the Lense-Thirring precession [9]. Ref.
[10] provides a decent recent review on Lense-Thirring precession for planets and satellites in
the Solar system. The similarity between the gravitomagnetic field and magnetic field beside
the spin precession formula in electrodynamics (S˙ = µ×B,µ = e2mS) dictates that the spin
of a gyroscope precesses by [11]
ΩLT = −1
2
∇×A . (2.17)
This precession is called the Pugh-Schiff frame-dragging precession [12, 13]. The Pugh-Schiff
frame-dragging precession due to the rotation of the earth recently has been measured by the
gravity probe B with the precision of 19% [14]. GINGER, aiming to improve the sensitivity
of the ring resonators, plans to measure the gravitomagnetic effect with a precision at least
one order better than that of the gravity probe B [15]. Also LAGEOS and LAGEOS 2, and
with a number of GRACE (Gravity Recovery and Climate Experiment) have confirmed the
prediction of Einstein General Relativity for the Earth’s gravitomagnetic field with with an
accuracy of approximately 10% [16]. Ref. [17] shows that the gravitomagnetic field of the
Earth is in agreement with the Einstein theory’s prediction with approximately 0.1% accuracy
via lunar laser ranging (LLR).
1This is the kind of the modification of the effective energy of a particle that lets the extraction of energy
from a black hole ( the Penrose mechanism) [8].
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3 GravitoElectroMagnetism approximation
In the linearized Einstein-Hilbert gravity, the Einstein field equations written in the harmonic
gauge simplifies to
h¯µν = −16piGT (0)µν , (3.1)
∂µh¯
µν = 0 , (3.2)
where h¯ij is the trace reversed perturbation
h¯µν ≡ hµν − 1
2
ηµνh
α
α . (3.3)
We notice that the linearized equations can be derived from
S =
∫
d4x(−1
2
∂αh¯µν∂
αh¯µν + 16piGh¯µνT
µν + λν∂µh¯
µν) , (3.4)
where λν is a local Lagrange multiplier enforcing (3.2), and Tµν represents the linear energy-
momentum tensor. Note that the effective action is invariant under the residual symmetry of
the harmonic gauge. It is invariant under
hµν → hµν + ∂µξν + ∂νξµ , (3.5a)
ξµ = 0 . (3.5b)
We do not fix the residual symmetry. We consider it as the symmetry of the action. We
decompose h¯µν to
h¯µνdx
µdxν ≡ A¯0dt2 + A¯idxidt+ h¯ijdxidxj . (3.6)
Inserting (3.6) into (3.4) yields:
S =
∫
d4x(
1
2
A¯0A¯0 + A¯iA¯i +
1
2
h¯ijh¯ij + 16piGρA¯0 + 32piGA¯iJ i + 16piGh¯ijT ij) , (3.7)
and the constraints read
∂µA¯µ = 0 , (3.8)
∂0A¯i − ∂j h¯ji = 0 . (3.9)
The action of (3.7) at the level of the equations of motion is equivalent to
S =
∫
d4x(−1
2
A¯0A¯0 +
1
2
A¯iA¯i+
1
2
h¯ijh¯ij+16piGA¯iJ i−16piGρA¯0 +16piGh¯ijT ij) . (3.10)
Now let it be defined:
A¯µ ≡ (A¯0, A¯i) , (3.11)
Jµ ≡ (ρ, Ji) = T0µ . (3.12)
Then (3.10) simplifies to
S =
∫
d4x(
1
2
A¯µA¯µ +
1
2
h¯ijh¯ij + 16piGA¯µJµ + 16piGh¯ijT ij) , (3.13)
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Eq. (3.8) yields:
1
2
∫
d4xA¯µA¯µ =
1
2
∫
d4xA¯µ(ηµν − ∂µ∂ν)A¯ν = −
∫
d4x
1
4
F¯µνF¯
µν , (3.14)
where
F¯µν ≡ ∂µA¯ν − ∂νA¯µ . (3.15)
Utilizing (3.14) re-expresses (3.13) to:
S =
∫
d4x(Lg + LS + Lλ) , (3.16a)
Lg ≡ −1
4
F¯µνF¯
µν − 1
2
∂αh¯ij∂
αh¯ij , (3.16b)
Ls ≡ 16piGA¯µJµ + 16piGh¯ijT ij , (3.16c)
Lλ ≡ λ0∂µA¯µ + λi(∂0A¯i − ∂j h¯ ji ) , (3.16d)
The first term of Lg in (3.16b) is the GravitoElectoMagnetic (GEM) approximation to gravity.
Ls in (3.16c) describes how the fields couple to the sources (Energy momentum tensor). Lλ in
(3.16d) is the gauge fixing Lagrangian. In comparison to the electrodynamics, the equations
of motion for λ impose two extra conditions of (3.8) and (3.9) on A¯µ. Eq. (3.8) states that the
GEM should be solved in the Lorentz gauge. Eq. (3.9) implies that GEM has wave solutions
only if h¯ij field possesses a wave solution. The wave solution is due to the dynamics of the
h¯ij field. This means that though the GEM is akin to the ordinary electrodynamics it lacks
radiation.
Near and around the galaxies, h¯ij is suppressed due to the non-relativistic velocity of
the stars and gas inside the galaxy. At the leading order h¯ij also does not affect the orbits of
slow-moving massive particles. Slow moving particles see only the GEM part of the metric
(2.7). Since we are interested in the orbits of slow moving massive particles around a galaxy
we just consider only the GEM part of (3.16):
S =
∫
d4x(LA + 16piGA¯µJµ + λ∂µA¯µ) , (3.17a)
LA = −1
4
F¯µνF¯
µν . (3.17b)
Also note that time dependent Aµ , through the constraint equation (3.9), induces a time-
dependent behavior for hij . The orbits of the stars at the leading approximation are blind
to the change in hij . In the study of the orbits of the stars, therefore, the time dependent
solutions of (3.17) are valid. The symmetry of the truncated Lagrangian (3.17b) is
A¯µ → A¯µ + ∂µΛ , (3.18)
where Λ is a general scalar field. Part of this symmetry is broken by the gauge fixing La-
grangian.
4 AQUAL as a Realization of MOND
The Newtonian approximation of the linearized GEM action (3.17) reads
A¯µ(x, t) = (4Φ(x),~0) , (4.1)
Jµ = (ρ(x),~0) , (4.2)
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Notice that A¯0 is equal to 4Φ rather than 2Φ because A¯µ comes from the trace reversed
metric. For the reversed trace metric h¯00 = 4φ and h¯ij = 0 give h00 = 2φ and hii = −2φ.
Inserting the Newtonian approximation into (3.17) yields
S = −16
∫
d4x (
1
2
|∇φ|2 + 4piGρφ) . (4.3)
Notice that (4.3) up to the overall factor of
16
∫
dt , (4.4)
is equivalent to the Newtonian gravitational action:
SN = −
∫
d3x
[|∇Φ|2 + 8piGρΦ] . (4.5)
In the Modified gravity realization of the MOND [18], one replaces the Newtonian classical
field theory with a general field theory but retain the Newtonian dynamics (F = ma):
SMoG = −
∫
d3x [L(Φ,∇Φ, · · · ) + 8piGρΦ] . (4.6)
Keeping intact the Newtonian dynamics means that the orbits of slow moving particles are
derived from (2.7). The AQUAL approach [19] assumes that the symmetries for the equations
of motions derived from S and SMoG are the same. The symmetries for S are
Φ→ Φ + Λ , (4.7)
where Λ is constant. Imposing (4.7) on (4.6) requires L to be a functional of the derivative
of the Newtonian potential:
L ≡ L(∇Φ,∇2Φ, · · · ) . (4.8)
AQUAL also requires the equations to be second order. So the Lagrangian is simplified to
L ≡ L(∇Φ) . (4.9)
We can construct only one scalar out of ∇Φ. So the Lagrangian reads
L ≡ F( 1
a20
∇Φ.∇Φ) , (4.10)
and the AQUAL action follows
SAQUAL = −
∫
d3x
[
a20F(∇Φ.∇Φ/a20) + 8piGρΦ
]
. (4.11)
The first variation of the AQUAL action with respect to Φ yields
∇α
(
µ(
|∇Φ|
a0
) ∇αΦ
)
= 4piGρ, (4.12)
where
µ(x) ≡ dF(y)
dy
|y=x2 = F ′(x2). (4.13)
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The MOND terminology than requires [21]2
µ(x) ≈ 1 : For x 1 , (4.14a)
µ(x) ≈ x : For x ≤ 1 , (4.14b)
and
a0 = (1.0± 0.2)× 10−10m
s2
. (4.15)
5 AQUAL Extension to GEM
Following the AQUAL model, we search for a non-linear generalization of (3.17) that leads to
second-order differential equations. This generalization must coincide to the AQUAL model
for a vanishing gravitomagnetic field. We are assuming that the physics of the MOND regime
follows from h¯ij = 0 and h¯00 6= 0. So det g in the harmonic gauge is independent of the
mass distribution due to the equations of motion. This means that the space-time geometry
around a spherical static mass distribution holds
gtt(r)grr(r) = −1 , (5.1)
where gtt and grr represent respectively the tt-component and rr-component of the metric
in the standard spherical coordinates. We, therefore, implicitely consider models of modi-
fied gravity wherein the area-radius coordinate of their spherical-static solution is an affine
parameter on the radial null geodesics [22].
The simplest non-linear Lagrangian density for A¯ preserving (3.18) and leading to
second-order differential equations is
LMOND = −L˜
(
F¯µνF¯
µν
4a20
)
+ 16piGA¯µJ
µ , (5.2)
which after taking the overall factor of 16 in (4.4) must coincide to (4.11) for A¯µ = (4Φ,~0).
Imposing the consistency between (4.11) and (5.2), thus, gives:
L˜(8x) = 16a20F(x)→ L˜(x) = 16a20F(
x
8
) . (5.3)
The consistency between (5.2) and the AQUAL model (4.11) demands
LMOND = −16a20F
(
F¯µνF¯
µν
32a20
)
+ 16piGA¯µJ
µ . (5.4)
And the equation of motion of Aµ reads
∇ν(F ′F νµ) = 16piGJµ , (5.5)
where
F ′ = F(x)
dx
|
x=− F¯µν F¯µν
32a20
, (5.6)
Note that this way of extending MOND to GEM is not generally covariant. Next sections
provide a generally covariant realization of (5.4).
2The most widely used from µ are [19, 20]: µ(x) = x
x+1
and µ(x) = x√
1+x2
.
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6 Toward the Gauge Vector-Tensor theory
The Bekenstein’s Tensor-Vector-Scaler theory [5] is a covariant realization of the AQUAL
theory but does not reproduce (5.2). The observed gravitomagnetism, however, strongly
constraints the free parameters of the TeVeS theory [24] . We would like to present a covariant
generalization of (5.2). To this aim we assume that a gauge vector field Bµ and a pseudo
Riemannian metric gµν govern the dynamics of the space-time geometry. We presume that
the orbits of massive particles are derived from the variation of
S = −m
∫
dτ
(√
−x˙µx˙µgµν(x) +Bµx˙µ
)
, (6.1)
where τ is a parameter defined on the world-line. Eq. (6.1) is tantamount to saying that the
physical length and time are defined in term of a Finsler/Randers geometry [27] of
S[τ ] = −
∫
dτL(x, x˙) , (6.2a)
L(x, x˙) =
√
−x˙µx˙µgµν(x) +Bµ(x)x˙µ . (6.2b)
The dark matter and energy problems are addressed within the Finsler geometry [28–30].
In our setup, eq. (6.1) introduces a bi-geometric description for nature where the physical
geometry is Finslerian while the geometrical quantities are Riemannian.
Eq. (6.1) is the interaction considered in the Moffat’s Scalar-Tensor-Vector theory [25].
We, therefore, adapt the notation of [25]. Let the Vielbein e(τ) be introduced on the world-line
of the particle (6.1):
S = −
∫
dτ
(
−1
2
ex˙µx˙µgµν +
m2
2e
+mBµx˙
µ
)
. (6.3)
Parametrizing the world-line such that e(τ) = m gives:
S = m
∫
dτ
(
1
2
x˙µx˙µgµν −Bµx˙µ
)
, (6.4)
where τ now is an affine parameter. Eq. (6.4) describes the motion a particle with mass
m and an electric charge of m for the Bµ field. We will construct the theory such that the
contribution of Bµ to the orbits of particles coincides to that derived from (5.2). Our action
takes the form
S = SGrav + SB + SM , (6.5a)
where
SGrav =
1
16piG
∫
d4x
√−gR , (6.5b)
SB = − 1
16piGκl2
∫
d4x
√−gL( l
2
4
BµνB
µν) , (6.5c)
where κ is constant number, l is a constant parameter, R is the Ricci scalar constructed out
from gµν and Bµν is the field strength of Bµ:
Bµν = ∂µBν − ∂νBµ , (6.6)
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and SM is the matter’s action. The energy momentum tensor is given by
Tµν = TMµν + TBµν , (6.7)
where TMµν and TBµν denote respectively the ordinary matter energy-momentum tensor and
the energy-momentum tensor contribution of the Bµ field. We have
TMµν ≡ − 2√−g
δSM
δgµν
, (6.8)
TBµν ≡ − 2√−g
δSB
δgµν
. (6.9)
The calculation results:
TBµν =
1
16piGκ
(
L′B αµ Bνα −
1
l2
gµνL
)
, (6.10)
where
L ≡ L( l
2
4
BµνB
µν) , (6.11)
L′ ≡ dL
dx
|
x= l
2
4
BµνBµν
. (6.12)
The matter current density Jµ is defined in terms of the matter action SM :
Jµ =
1√−g
δSM
δBµ
, (6.13)
The metric field equation then follows
Gµν = 8piGTµν , (6.14)
where Gµν = Rµν − 12gµνR. The variation of the action with respect to Bµ gives its equation
of motion:
∇ν(L′Bνµ) = 16piGκJµ , (6.15)
where
Jµ = ρuµ , (6.16)
where ρ is the matter density and uµ is its four velocity vector. (6.15) is consistent with (6.1).
It is also similar to (5.5). Our theory resembles the Moffat’s Scalar-Tensor-Vector theory to
some extends. However, in contradiction to the Moffats’s theory, it is a gauge theory. We
also have introduced neither a mass term nor a potential term for the gauge field. Besides no
scalars exist.
Redefining the components of metric (gab) by (2.8) and taking the variation of (6.4) with
respect to xµ identifies the physical gravitoelectromagnetic fields of our theory:
APhyµ = Aµ +Bµ . (6.17)
Note that APhyµ is called the physical GEM because it affects the orbits of slow moving massive
particles.
– 10 –
We impose the following asymptotic behaviors on L :
L(x) =
{
x , for x 1
2
3 |x|
3
2 , for x ≤ 1 , (6.18)
which is similar to (4.14). Let us first look at the solution in the regime of x 1 where (6.15)
simplifies to
∇νBνµ = 16piGκJµ (6.19)
whose static solutions can be expressed in term of the GEM approximation to the Einstein-
Hilbert gravity, solutions of (3.17):
B0 = 4κΦEH , (6.20a)
Bi = κ ~AEH . (6.20b)
The extra factor of 4 in B0 is due to the factor of four in (4.1). We assume that
κ < 1 . (6.21)
This allows us to neglect the contribution of the B field to the energy momentum tensor in
(6.14). This, then, leads to:
A0 = ΦEH , (6.22a)
Ai = ~AEH . (6.22b)
The physical quantities defined in (6.17) thus read:
ΦPhy = (1 + 4κ)ΦEH , (6.23)
APhyi = (1 + κ)
~AEH . (6.24)
where ΦPhy ≡ A0 + B0. Note that ΦPhy is read from (6.4) for x0 = t = τ , xi = cte.
The Newton’s constant is measured by the 1
r2
behavior of ΦPhy. The observed value of the
Newton’s constant is:
Gobs = (1 + 4κ)G . (6.25)
Expressing the gravitoelectric and magnetic field in term of the observed value of the Newton’s
constant we reach to
ΦPhy = ΦEH , (6.26a)
APhyi =
1 + κ
1 + 4κ
~AEH . (6.26b)
where it is understood that GOBs replaces G. Since ref. [17] reports that the measured
gravitomagnetic field is in agreement with the prediction of the Einstein-Hilbert gravity with
the precision of 0.1%, we demand that
|κ| < 3× 10−4 , (6.27)
which is consistent with our previous assumption in (6.21).
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7 The Gauge Vector Tensor Theory
The very small lower bound of |k| in (6.27) suggests that we can not consistently describe
nature with only one scale. In order to have a theory free of very small constant couplings,
we introduce an additional gauge field represented by B˜µ:
S = SGrav + SB + SB˜ + SM , (7.1a)
where
SGrav =
1
16piG
∫
d4x
√−gR , (7.1b)
SB = − 1
16piGκl2
∫
d4x
√−gL( l
2
4
BµνB
µν) , (7.1c)
SB˜ = −
1
16piGκ˜l˜2
∫
d4x
√−g L˜( l˜
2
4
B˜µνB˜
µν) , (7.1d)
where B˜µν is the field strength of B˜µ:
B˜µν = ∂µB˜ν − ∂νB˜µ (7.1e)
And the orbits of massive particles are derived from
S = m
∫
dτ
(
1
2
x˙µx˙µgµν − (Bµ + B˜µ)x˙µ
)
. (7.1f)
Note that l and l˜ are parameters of the theory. We assume that
l˜ > l . (7.2)
We also simplify the theory by setting
L˜(x) ≡ L(x) , (7.3)
while the asymptotic behavior of L is given in (6.18). Notice that we could have chosen
L˜(x) ≡ x , (7.4)
However note that (7.4) can be obtained from (7.3) by taking the limit of l
l˜
→ 0. Also notice
that κ and κ˜ are coupling constants of the theory. From this time on, we refer to (7.1) as the
GVT theory.
The equations of motion of the Gauge fields follow from the variation of (7.1a) with
respect to B and B˜:
∇ν(L′Bνµ) = 16piGκJµ , (7.5)
∇ν(L˜′B˜νµ) = 16piGκ˜Jµ , (7.6)
where the same matter current is coupled to the gauge fields due to (7.1f). Repeating the steps
done in the previous section shows that the the GravitoElectroMagnetism approximation to
the Newtonian regime of the GVT theory receives contribution from B and B˜ fields:
ΦPhy = (1 + 4(κ+ κ˜))ΦEH , (7.7a)
APhyi = (1 + κ+ κ˜)
~AEH , (7.7b)
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where
APhyµ = A
EH
µ +Bµ + B˜µ , (7.8)
and the gauge fields solve:
∇νBνµ = 16piGκJµ → Bµ = kA¯EHµ , (7.9a)
∇νB˜νµ = 16piGκ˜Jµ → Bµ = k˜A¯EHµ . (7.9b)
We set
κ+ κ˜ ≡ 0 , (7.10)
and make the GVT theory consistent with the Einstein-Hilbert prediction.
8 Regimes of the GVT theory
The GVT theory admits the following three regimes:
8.1 Strong and Newtonian limit
Eq. (7.9) governs the dynamics of the gauge fields in the strong limit of the GVT theory. We
always assume the same boundary conditions on the gauge fields. Eq. (7.10) then results
B˜µ = −Bµ . (8.1)
In other words, we enforce that Bµ + B˜µ = 0 in the Newtonian and strong regime of the
theory. We further notice that the contributions of the Bµ and B˜µ to the energy momentum
tensor cancel each other. The strong limit of the theory, therefore, coincides to the Einstein-
Hilbert theory. The GVT theory is consistent with all the tests of gravity in the Newtonian
and strong regimes.
8.2 MOND regime of the GVT theory
We define the MOND regime of the GVT theory by
L( l
2
4
BµνB
µν) =
∣∣∣∣ l24 BµνBµν
∣∣∣∣
3
2
, (8.2)
L˜( l˜
2
4
B˜µνB˜
µν) =
l˜2
4
B˜µνB˜
µν . (8.3)
Due to (7.2), this regime occurs after the Newtonian one. The equations of motion of the
gauge fields in the MOND regime simplify to:
∇ν
(
|BαβBαβ|
1
2Bνµ
)
=
2κ
l
16piGJµ , (8.4)
∇νB˜νµ = −16piGκJµ . (8.5)
In this regime the physical gravitoelectric field reads
ΦPhy = Φ +B0 + B˜0 ≈ B0 . (8.6)
– 13 –
where Φ is produced by the tt component of the metric. In the absence of the gravitomagnetic
field (Bi = 0), the eq. (8.4) converts to
∇i (|∇ΦPhy|∇iΦPhy) = 4√2κ
l
4piGρ . (8.7)
where BαβBαβ = 2|∇ΦPhy|2 is used. The consistency between (4.12) and (8.7) demands that
a0 =
4
√
2κc2
l
, (8.8)
wherein the dependency on c is recovered. Notice that the MOND regime starts when
l2
4
BµνB
µν ≤ 1 . (8.9)
This is where the Newtonian regime ends. In the Newtonian regime of a stationary mass
distribution Bµ = κA¯µ = κ(4ΦN , 0) where ΦN presents the Newtonian potential. Therefore
the Newtonian regime ends at
|∇ΦN | < a0
16κ2
. (8.10)
where (8.8) is used to express l in term of a0 and the dependency on c is recovered. This
means that the MOND regime occurs in
4|κ|
√
GM
a0
< r . (8.11)
We assume that κ = O(1) in order to keep the GVT theory consistent with observations. In
particular we note that for
κ = ±1
4
, (8.12)
the boundary of the MOND regime of the GVT theory coincides to that of the AQUAL
theory. Let it be highlighted that (6.27) contradicts observations in the Solar system. In
order to avoid such a contradiction, we have introduced two gauge fields rather than only
one.
8.3 Post-MONDian limit
We define the Post-MONDian regime of the GVT theory by
L( l
2
4
BµνB
µν) =
∣∣∣∣ l24 BµνBµν
∣∣∣∣
3
2
, (8.13)
L˜( l˜
2
4
B˜µνB˜
µν) =
∣∣∣∣∣ l˜24 B˜µνB˜µν
∣∣∣∣∣
3
2
. (8.14)
Due to (7.2), this regime occurs after the MOND regime when
l˜2
4
B˜µνB˜
µν ≤ 1 . (8.15)
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The equations of motion of the gauge fields in the Post-MONDian regime simplify to:
∇ν
(
|BαβBαβ|
1
2Bνµ
)
=
2κ
l
16piGJµ , (8.16)
∇ν
(
|B˜αβB˜αβ|
1
2 B˜νµ
)
= −2κ
l˜
16piGJµ , (8.17)
We see that the B˜µ field contributes to the Post-MONDian regime. The behavior of the B˜µ
is like that of Bµ but rescaled and with a negative sign. Let it be defined:
a˜0 ≡ β2a0 , (8.18)
β ≡
√
l
l˜
. (8.19)
Before the start of the post-MONDian regime the B˜µ fields solves (8.5). So around a spher-
ical stationary solution B0 = −4κΦN . The condition of (8.15) then implies that the post-
MONDian regime starts at
|∇ΦN | < a˜0
16κ2
, (8.20)
and continues to infinity.
9 Gravitomagnetism of a spherical mass distribution in the GVT theory
This section studies the gravitomagnetism produced by a spherical static mass distribution
in the three regimes of the GVT theory.
9.1 Newtonian regime
The gravitoelectric and gravitomagnetic fields that a slow rotating spherical mass distribution
produce in the Newtonian regime follow from (7.7) and (7.10):
−∇ΦPhy = −GM
r3
~r , (9.1a)
∇×APhys = ∇×AEH = G
2c2
(
J
r3
− 3J.r ~r
r5
) , (9.1b)
where M is the total mass and J is the total angular velocity of the spherical mass, ~r = 0
represents the center of the mass distribution and G is the Newton’s constant.
9.2 MONDian regime
Identifying A¯µ , B¯µ and Bµ fields inside the MOND windows precedes the physical GEM. In
this regime, the equations for Aµ and B¯µ are those of the Einstein-Hilbert theory. So:
−∇A0 = −GM
r3
~r , (9.2a)
∇×Ai = = G
2c2
(
J
r3
− 3J.r ~r
r5
) , (9.2b)
and
−∇B˜0 = 4κGM
r3
~r , (9.3a)
∇× B˜i = = −κ G
2c2
(
J
r3
− 3J.r ~r
r5
) . (9.3b)
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The eq. (8.4), being the equation of motion of Bµ field in the MOND regime, simplifies to
∇i

√
|∇B0|2 − |∇ × ~B|2
a0
∇iB0
 = 4piGρ , (9.4a)
−∇×

√
|∇B0|2 − |∇ × ~B|2
a0
∇× ~B
 = 4piG~J , (9.4b)
where Bµ = (B0, ~B). Because a slow rotating mass distribution holds |∇A0|2  |∇ × ~A|2,
(9.4) can be approximated to:
∇i
( |∇B0|
a0
∇iB0
)
= 4piGρ , (9.5a)
−∇×
( |∇B0|
a0
∇× ~B
)
= 4piG~J , (9.5b)
whose solutions can be expressed in terms of the Einstein-Hilbert GEM:
|∇B0|
a0
∇B0 = ∇ΦEH +∇× ~˜h , (9.6)
|∇B0|
a0
∇× ~B = 1
4
(
∇× ~AEH +∇h˜
)
, (9.7)
where ~˜h and h˜ solve
0 = ∇×∇B0 = ∇× (∇ΦEH +∇×
~˜
h
|∇B0| ) , (9.8)
0 = ∇.∇× ~B = ∇.(∇×AEH +∇h˜|∇B0| ) . (9.9)
Since ~˜h = 0 solves (9.8) then
∇B0 =
√
GMa0
r2
~r . (9.10)
Inserting (9.10) into the consistency equation for ∇h˜ yields
∇.(r∇h˜) = G
4c2(GMa0)
1
2
J.r
r4
, (9.11)
which is a non-homogeneous Laplace’s equation in four dimensions written in the spherical
coordinates:
4h˜ =
G
c2(GMa0)
1
2
J.r
r5
, (9.12)
where h˜ ≡ h˜(r, r.J) is understood. Let it be emphasized that (9.12) represents the h˜ equation
in large r. It holds ∇h˜ = ~0 near the origin. We choose a solution of (9.12) which is source
free at the origin. Doing so, the fall off of the ∇h˜ is guaranteed to be r−4 or less. ∇× B in
the MOND regime, therefore, yields
∇×B = − G
8c2(GMa0)
1
2
(
J
r2
− 3J.r ~r
r4
) +O(
1
r4
) . (9.13)
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Figure 1: The GravitoElectroMagnetism of a spherical static mass distribution in the
Einstein-Hilbert theory (GR) and the Gauge Vector Tensor theory (GVT).
Note that (9.13) is not divergent for small masses because |J | ∝ M . The physical GEM in
the MOND regime follows from (7.8), (9.3) and (9.2):
−∇ΦPhy = −
(
(1− 4κ)GM
r3
+
√
GMa0
r2
)
~r , (9.14)
∇× ~APhy = G
8c2(GMa0)
1
2
(
J
r2
− 3J.r ~r
r4
) + (1− κ) G
2c2
(
J
r3
− 3J.r ~r
r5
) +O(
1
r4
) . (9.15)
Eq. (9.14) for κ = 14 is the ordinary MOND modification of the Newtonian field capable of
resolving the missing mass problem in galaxies and reproducing the Tully-Fisher relation [23].
This suggests to set
κ =
1
4
. (9.16)
Fig. 1 depicts the magnitude of (9.14), and the magnitude of (9.15) for J.r = 0 for two values
of k and
BMOND =
G|J |a
3
2
0
2c2(GM)
3
2
. (9.17)
We see that the fall off of the gravitomagnetic field strengths of GVT in its MOND regime is
r−2 while that of the Einstein-Hilbert theory is r−3. The gravitomagnetic field is enhanced
in the deep MOND regime.
The equations for the Newtonian potential and the gravitomagnetic field of the ΛCDM
theory read
∇2Φ = 4piG(ρ+ ρDark) , (9.18)
∇2 ~A = 16piG
c2
(~j +~jDark) , (9.19)
where ρDark and jDark are respectively the density and the angular velocity distributions
of dark matter. The gravitomagnetic field strength that the ΛCDM theory predicts for a
spherical spinning galaxy at its edge then follows
∇× ~AΛCDM = G
2c2
(
J
r3
− 3J.r ~r
r5
) . (9.20)
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There exists no observational information available about the angular momentum distribution
of dark matter. The theoretical scenarios consider the dark matter halo as a cloud of a
vanishing angular momentum [26]. We, additionally, observe that the difference between
GVT (9.15) and ΛCDM (9.20) can not be assigned to the total angular momentum of the dark
matter. We, therefore, conclude that measuring the gravitomagnetic force at the edge/beyond
the edge of a galaxy refutes one of the GVT and dark paradigms and proves the other one.
However the gravitomagnetic force at the edge of a galaxy is too small that one may not hope
for its detection in the near future.
9.3 Post-MONDian regime
Due to (8.20) the post-MONDian field starts from
4κ
β
√
GM
a0
< r . (9.21)
and continues to infinity. In the post-MONDian regime, the B˜µ field starts to behave like the
Bµ field. So the physical gravitomagnetism in this regime follows:
−∇ΦPhy = −
(
GM
r3
+ (1− β)
√
GMa0
r2
)
~r , (9.22)
∇× ~APhy = (1− β) G
8c2(GMa0)
1
2
(
J
r2
− 3J.r ~r
r4
) +
G
2c2
(
J
r3
− 3J.r ~r
r5
) +O(
1
r4
) , (9.23)
where β is defined in (8.19). Since β is smaller than one, the MONDian behavior of the GVT
though is decreased continues to infinity.
We note that the post-MONian behavior of the GVT theory can be enforced to coincide
to the Newtonian one by introducing one additional gauge field. Let Bˆµ be introduced whose
action is similar to that of Bµ where (κ, l) is replaced by (κˆ, lˆ). The interested reader can
check that
κ+ κ˜+ κˆ = 0 , (9.24)
makes the theory consistent with the Einstein-Hilbert action in the strong and Newtonian
regimes while the condition of
κ
l
+
κ˜
l˜
+
κˆ
lˆ
= 0 , (9.25)
causes the theory to be consistent with the Einstein-Hilbert theory in the post-MONDian
regime. Such a simple extension indicates to an advantage of the GVT theory over its rivals.
10 Gravitomagnetic field in the Solar system
In the TeVeS and the AQUAL theories, in some points within the solar system the gravita-
tional fields of the planets and the Sun and the galaxy cancel each other. Let these points be
called the gravitational saddle points. Ref. [31] identifies the gravitational saddle points of
the solar system. Ref. [32–34] suggest that an accurate tracking of a probe like the LISA path
finder that passes through the MOND windows can prove or refute the AQUAL theory. Ref.
[35] proposes that measuring the behavior of gravity in short distances within the MOND
windows can prove or refute the AQUAL theory. Ref. [36] mentions that observing pulsars
through the gravitational saddle point of the Sun and Jupiter can empirically constrain the
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Figure 2: P represents the gravitational saddle point of the Sun-jupiter system. We use the
cylindrical coordinates around P in order to solve the equations.
interaction of light with the physics of MOND system. This section aims to study the physics
within the GVT MOND windows of the Solar system. To this aim we will consider the
largest MOND window. The subsection 10.1 reviews the MOND window of the AQUAL the-
ory. Then the subsection 10.2 identifies the Sun-Jupiter MOND window of the GVT theory.
The subsection 10.3 solves the GVT equations in the Sun-Jupiter MOND window.
10.1 MOND windows of the AQUAL theory
This section aims to study the MOND windows in the framework of the AQUAL theory. To
this aim we shall consider the largest solar MOND window. We will consider the gravitational
saddle point of the Sun-Jupiter system. We employ the two bodies approximation to the Sun-
Jupiter system. This approximation suffices for our studies because including the effects of
other solar planets and the gravitational field of the galaxy will not significantly change the
size of the considered MOND window [31]. In this approximation the Newtonian gravitational
field strength at the position ~r with respect to the center of the Sun reads:
g(~r) = −GMSun|~r|3 ~r −
GMJupiter
|~r − ~d|3
(~r − ~d) . (10.1)
where ~d is the vector connecting the center of the Sun to the center of the Jupiter. The
gravitational saddle point P is the point where in g(~rp) = 0, so:
~rp =
~d
1 +
√
MJupiter
MSun
. (10.2)
which means that the saddle point is 2.29× 107km far away from the Jupiter. We would like
to study the physics around the gravitational saddle point. We, therefore, taylor-expand the
gravitational field around the saddle point:
~r = ~rp + δr , (10.3)
δr = ρρˆ+ zzˆ , (10.4)
~g(~r) = 0 + α(2zzˆ − ρρˆ) +O(z2, ρ2) , (10.5)
where fig. 2 depicts the chosen cylindrical coordinate and
α =
G
d3
(√
MSun +
√
MJupiter
)4√
MSunMJupiter
= 1.084× 10−14s−2. (10.6)
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The magnitude of the gravitoelectric field strength around the gravitational saddle point then
follows:
|~g(~r)| = 0 + α
√
4z2 + ρ2 +O(z2, ρ2) , (10.7)
The AQUAL type MOND window is where
|~g(~r)| < a0. (10.8)
So it is an ellipsoid with semi-axes of length
a =
a0
2α
= 4.6 km , (10.9a)
b =
a0
α
= 9.2 km , (10.9b)
c =
a0
α
= 9.2 km . (10.9c)
10.2 MOND windows of the GVT theory
The Newtonian regime of the GVT theory ends at
| l
2
4
BµνB
µν | = l
2
2
(
|∇B0|2 − |∇ × ~B|2)
)
= 1 , (10.10)
where B is given in (6.20) and the unit of c = 1 is used. Utilizing (10.1), B0 in the Solar
system reads
∇B0(~r) = 4k~g(~r) = −4κ
(
GMSun
|~r|3 ~r +
GMJupiter
|~r − ~d|3
(~r − ~d)
)
. (10.11)
The rotation of the Sun and Jupiter around their axes as well as the motion of the center of
the mass of the Jupiter around the Sun contribute to the gravitomagnetic field strength in
the Solar system:
∇× ~AJupiter = G
2c2
(
~JJ
(d− r)3 − 3
~JJ .(~d− ~r)
~d− ~r
|~d− ~r|5
)
, (10.12a)
∇× ~A = G
2c2
(
~J
r3
− 3 ~J.~r ~r
r5
)
, (10.12b)
∇× ~AOrbitalJupiter =
GMJupiter
c2|~r − ~d|3
~vcm × (~r − ~d) , (10.12c)
where J and JJ are the angular momentum of the Sun and Jupiter while vcm is the velocity
of the center of the mass of Jupiter with respect to the Sun. Utilizing (10.1) now leads to:
∇× ~B = κ(∇× ~AJupiter +∇× ~A +∇× ~AOrbitalJupiter) , (10.13)
Eq. (10.10), (10.11) and (10.13) identifies the boundary of the GVT MOND window of the
Sun-Jupiter system in the two bodies approximation to the Solar system. This is the boundary
of the MOND window with the Newtonian regime. Let it be highlighted that including the
effects of other solar planets will not significantly change the size of this MOND window [31].
Since k ≈ O(1), the eq. (8.8) implies that l ≈ O(1026m). Recalling that the gravito-
magnetic field strength is weaker than the gravitoelectric field strength, (10.10) then implies
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that the GVT MOND window is not far away from the gravitational saddle point given in
(10.2). To go further we approximate the angular momentum of the Sun and Jupiter to:
J = 1.92× 1041kgm2s−1xˆ , (10.14)
JJ = 6.9× 1038kgm2s−1xˆ , (10.15)
vcm = d
2pi
T
yˆ , (10.16)
where xˆ and yˆ are presented in fig. 2 and T is the orbital period of the Jupiter around the
Sun:
T = 4331.6 days . (10.17)
We see that the magnitudes of the gravitomagnetic fields presented in (10.12) at ~rp (and as
well as its neighborhood) given in (10.2) read:
c∇×ASunrotation =
G
2c
JSun
r3p
xˆ = 1.05× 10−13m
s2
xˆ, (10.18a)
c∇×AJupiterrotation =
G
2c
JJupiter
(d− rp)3 = 1.27× 10
−11m
s2
xˆ , (10.18b)
c∇×AJupiterorbital =
G
c
MJupiter
d− rp
2pi
T
zˆ = 3.10× 10−10m
s2
xˆ , (10.18c)
which in turn result
c2|∇ ×B|2 ≈ 10.41κ2 a20 , (10.19)
where (4.15) and (10.13) are used. Inserting (10.19) into (10.10) and expressing l in term of
a0 by (8.8), and utilizing (10.11) yields
|g(r)| = a0
√
1
256κ4
+ 0.65 . (10.20)
Notice that eq. (10.5) decribes the Newtonian gravitational field strength around ~rp. Now
comparing (10.19) with (10.8) and (10.9) results that the GVT MOND window is an ellipsoid
with semi-major axes of
(a˜, b˜, c˜) =
√
1
256κ4
+ 0.65
a0
α
(
1
2
, 1, 1) . (10.21)
The GVT MOND window is larger than the AQUAL MOND window for |k| < 0.325.
The post MONDian regime resides inside the GVT MOND windows. The post MON-
Dian regime is an ellipsoid with semi axes of
(˜˜a,
˜˜
b, ˜˜c) = β2(a˜, b˜, c˜), (10.22)
where β is given in (8.19). Note that l˜ is the scale wherein B˜ starts its MONDian behavior.
We assume that β  1. This makes the post MONDian region of the Solar system sufficiently
small to practically be ignored.
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10.3 Gravitomagnetism inside the Sun-Jupiter GVT MOND window
The physical GravitoElectroMagnetism in the GVT theory receives contribution from the
metric and the gauge fields, as stated in the eq. (7.8). The contribution of the metric to
GEM inside the GVT MOND windows follows from (10.5) and (10.18):
−∇ΦEH = 0 + α(2zzˆ − ρρˆ) , (10.23a)
∇×AEH = 3.22× 10−10m
s2
xˆ . (10.23b)
The contribution of the B˜ follows from (8.5):
−∇B˜0 = −4κα(2zzˆ − ρρˆ) , (10.24a)
∇× B˜i = −3.22κ× 10−10m
s2
xˆ . (10.24b)
We should solve (9.4) in order to find the contribution of Bµ. The solution of (9.4) can be
expressed in term of (10.23):√
||∇B0|2 − |∇ × ~B|2|
a0
∇B0 = −α(2zzˆ − ρρˆ) +∇× ~˜h , (10.25a)√
||∇B0|2 − |∇ × ~B|2|
a0
∇× ~B = 3.22a0xˆ+∇h˜ , (10.25b)
where ~˜h and ∇h˜ solve the following consistency equations:
∇×∇B0 = ∇× −α(2zzˆ − ρρˆ) +∇×
~˜
h√
||∇B0|2 − |∇ × ~B|2|
= 0 , (10.25c)
∇.∇× ~B = ∇. 3.22a0xˆ+∇h˜√
||∇B0|2 − |∇ × ~B|2|
= 0 . (10.25d)
We first look at part of the GVT MOND window wherein
|∇ × ~B|2 > |∇B0|2 , (10.26)
where (10.25) can be approximated to:
|∇ × ~B|
a0
∇B0 = −α(2zzˆ − ρρˆ) +∇× ~˜h , (10.27a)
|∇ × ~B|
a0
∇× ~B = 3.22a0xˆ+∇h˜ , (10.27b)
∇× −α(2zzˆ − ρρˆ) +∇×
~˜
h
|∇ × ~B| = 0 , (10.27c)
∇.3.22a0xˆ+∇h˜|∇ × ~B| = 0 . (10.27d)
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Eq. (10.27) is solved by
∇× ~B = 1.79a0xˆ , (10.28a)
∇B0 = −0.55α(2zzˆ − ρρˆ) , (10.28b)
h˜ =
~˜
h = 0 . (10.28c)
The condition of (10.26) applied on (10.28) gives√
4z2 + ρ2 < 3.25
a0
α
, (10.29)
Since the boundary of the GVT MOND window is given by (10.19), the eq. (10.29) holds
true in whole of the GVT MOND window provided that
a0
√
1
256κ4
+ 0.65 < 3.25a0 → 0.14 < |κ|. (10.30)
Notice that when |κ| < 0.14 then (10.28) is not valid in a shell adjacent to the boundary of
the MOND window. The physical GEM follows from (7.8), (10.23), (10.24) and (10.28):
∇ΦPhy = ∇(ΦEH +B0 + B˜0) = 4(0.39− κ)∇ΦEH , (10.31a)
∇× ~APhy = ∇(AEH + ~B + ~˜B) = (1.56− κ)∇× ~AEH , (10.31b)
We next look at part of the GVT MOND window that holds
|∇B0|2 > |∇ × ~B|2 . (10.32)
wherein (10.25) can be approximated to:
|∇B0|
a0
∇B0 = −α(2zzˆ − ρρˆ) +∇× ~˜h , (10.33a)
|∇B0|
a0
∇× ~B = 3.22a0xˆ+∇h˜ , (10.33b)
∇× −α(2zzˆ − ρρˆ) +∇×
~˜
h
|∇B0| = 0 , (10.33c)
∇.3.22a0xˆ+∇h˜|∇B0| = 0 . (10.33d)
Eq. (10.33) represents a set of second order partial differential equations. It can be analyti-
cally solved around z ≈ 0 or ρ ≈ 0 where it holds (10.28c). The solution around z ≈ 0 reads
∇B0 = +√αa0ρ ρˆ+O(z) =
√
a0
αρ
∇ΦEH +O(z) , (10.34a)
∇× ~B = 3.22( a0
αρ
)
1
2a0xˆ+O(z) =
√
a0
αρ
∇×AEH +O(z) , (10.34b)
while the solution around ρ ≈ 0 follows
∇B0 = −Sign(z)
√
2αa0z zˆ +O(ρ) =
√
a0
2αz
∇ΦEH +O(ρ) , (10.35a)
∇× ~B = 3.22( a0
2αz
)
1
2a0xˆ+O(ρ) =
√
a0
2αz
∇×AEH +O(ρ) . (10.35b)
– 23 –
Eq. (10.34) and (10.35) are respectively valid in
3.22a0 < αρ <
√
1
256κ4
+ 0.65 a0 , (10.36a)
3.22a0 < 2αz <
√
1
256κ4
+ 0.65 a0 , (10.36b)
wherein the upper bound is the boundary of the MOND regime and the lower bound is (10.32)
written for (10.34) and (10.35). This means that (10.34) and (10.35) are valid solutions
provided that
|κ| < 0.14, (10.37)
which is complementary to (10.30). Eq. (10.34) and (10.35) describe the behavior of B in a
shell adjacent to the boundary of the MOND window that eq. (10.28) is not valid in. They
present an enhancement for the gravitomagnetic and gravitoelectric field strengths. However
due to the lower bound in (10.36), the enhancement is bounded and is not akin to that of
naive extension of MOND to the gravitomagnetic force: eq. (A.10) for ρ→ 0 or z → 0.
The physical GEM following from (7.8), (10.23), (10.24) for (10.34) reads:
∇ΦPhy =
(
1− 4κ+
√
a0
2αz
)
∇ΦEH +O(ρ) , (10.38a)
∇× ~APhy =
(
1− κ+
√
a0
2αz
)
∇× ~AEH +O(ρ) . (10.38b)
While (10.35) yields:
∇ΦPhy =
(
1− 4κ+
√
a0
αρ
)
∇ΦEH +O(z) , (10.39a)
∇× ~APhy =
(
1− κ+
√
a0
αρ
)
∇× ~AEH +O(z) . (10.39b)
Eq. (10.38) and (10.39) respectively describe the GEM around z ≈ 0 and ρ ≈ 0 for the
GVT MOND regime that holds (10.32). The physical GEM in other points will be identified
after solving (10.27) and choosing the boundary conditions on ~˜h and h˜ such that the general
solution reduces to (10.38) and (10.39) respectively for z ≈ 0 and ρ ≈ 0.
The accurate tracking of a probe passing through the MOND windows is the simplest way
to test the physics of the Solar MOND windows. For k ≥ 0.14, a probe that passes through
the Sun-Jupiter GVT MOND window experiences the following anomalous acceleration:
~aanomaly = −(0.56− 4κ)∇ΦEH + (0.56− κ)~v
c
×∇× ~AEH , (10.40)
where ~v is the velocity of the probe with respect to the Sun and we have utilized (2.16) and
(10.31). For k < 0.14, a probe moving in z = 0 or ρ = 0 experiences the following anomalous
acceleration in the regime of (10.36)
~˜aanomaly = −
(
−4κ+
√
a0
|∇ΦEH |
)
∇ΦEH +
(
−κ+
√
a0
|∇ΦEH |
)
v
c
×∇× ~AEH , (10.41)
while experiences the anomalous acceleration given by (10.40) in the rest of the GVT MOND
window. We observe that for the peculiar value of k = 0.14, a slow moving probe ( |~v|c  1)
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will not experience an anomalous acceleration inside the Sun-Jupiter MOND window. This
peculiar value of k is not universal and depends on the details of the considered MOND
window. In order to refute the GVT theory by the accurate tracking of a probe that passes
through the MOND windows, therefore, we must either
• increase the precision such that the anomalous acceleration in the gravitomagnetic force
be observed,
• or to track probes in different MOND windows.
Observing an anomaly in a single MOND window, however, refutes the Einstein-Hilbert
theory and favors the GVT, TeVeS or the Moffat’s theory. The GVT theory, so far, is the
only generally covariant theory that also predicts an anomaly in the gravitomagnetic field
inside the MOND window.
11 Conclusion and outlook
We have introduced the Gauge Vector Tensor theory: a generally covariant theory of grav-
ity composed of a pseudo Riemannian metric and two U(1) gauge connections that repro-
duces MOND in the limit of very weak gravitational fields while remains consistent with the
Einstein-Hilbert gravity in the limit of strong and Newtonian gravitational fields. The non-
linearity introduced by the GVT theory to reproduce the MOND behavior resides only inside
the MOND regime and it does not propagates to the strong regime of gravity. This is a clear
advantage of the GVT theory over the Bekenstein’s Tensor-Vector-Scaler theory [5]. We have
been motivated to introduce the GVT theory after uplifting the GravitoElectroMagnetism
approximation to gravity to the Milgrom’s MOND theory [18].
We have illustrated that the gravitomagnetic force at the edge of a galaxy can be in
accord with either GVT or ΛCDM but not both. We also have studied the physics of the
GVT theory around the gravitational saddle point of the Sun and Jupiter system. We have
noticed that the conclusive refusal of the GVT theory demands measuring either both of the
gravitoelectric and gravitomagnetic fields inside the Sun-Jupiter MOND window, or the grav-
itoelectric field inside two different solar GVT MOND windows. The GVT theory, however,
can be favored by observing an anomaly in the gravitoelectric field inside a single MOND
window.
We also need to study the cosmology and the gravitational lensing of the GVT theory.
Let it be hasten that, as shown in section 6, the GVT theory is an extension of the Moffat’s
Scalar-Tensor-Vector theory [25]. We, therefore, envisage that it inherits most of the merits
of the Moffat’s theory in describing the gravitational lensing and cosmology. We, however,
accomplish this study elsewhere.
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A Naive extension of MOND to the GravitoMagnetic Force
Modified Newtonian Dynamics (MOND) provides an alternative approach to the missing mass
problem in galaxies. It assumes that the newtonian dynamics is governed by
~F = mf(
|a|
a0
)~a (A.1)
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where F is the force exerted on the center of the mass of the object, a is the acceleration
of the object with respect to the cosmological frame wherein the CMB is uniform, and a0 is
given in (4.15). MOND coincides to the Newtonian dynamics in large accelerations:
lim
x→∞ f(x) = 1 . (A.2)
Note that x  1 is called the Newtonian regime of the MOND theory. To account for the
missing mass problem, it is required that
f(x) = x for x ≤ 1 . (A.3)
Note that x ≤ 1 is called the MOND regime.
The gravitational force extorted on a slow moving particle (the test particle) of mass m
and velocity ~v in the GravitoElectroMagnetism approximation to gravity follows from (2.16)
F = m(−∇φ+ ~v ×∇×A) (A.4)
where φ is the Newtonian gravitational field (the gravitoelectric field) and ∇ × A is the
gravitomagnetic field strength. The gravitoelectromagnetic fields of a spherical static mass
distribution read
φ(r) = −GM
r
, (A.5a)
A(r) = − 2G
c2r3
~J × ~r , (A.5b)
where r is the distance from the center of the mass distribution (the source), M is its total
mass and J represents the total angular momentum of the source.
The GEM approximation of the Newtonian regimes of the MOND paradigm coincide to
that of the the Einstein-Hilbert gravity. The story, however, changes in the MOND regime
of the theory. The MOND regime holds
−∇φ+ ~v ×∇×A = |a|
a0
a . (A.6)
which is a non-linear second order differential equation for the position of the test particle.
Eq. (A.6) results
|a|4
a20
= | − ∇φ+ ~v ×∇×A|2 (A.7)
using which in (A.6) returns
a =
√
a0
| − ∇φ+ ~v ×∇×A|(−∇φ+ ~v ×∇×A) , (A.8)
Around galaxies the gravitoelectric force is much larger than the gravitomagnetic one. We
therefore can taylor expand (A.8) in term of v and obtain:
a =
√
a0
|∇φ|
(
−∇φ+ ~v ×∇×A+∇φ∇φ.~v × (∇×A)|∇φ|2
)
+O(v2) . (A.9)
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The first two terms in the r.h.s of (A.9) can be interpreted as the gravitoelectric and gravit-
omagnetic force in the the MOND regime:
EMOND =
√
a0
|∇φ|∇φ , (A.10a)
BMOND =
√
a0
|∇φ|∇ ×A . (A.10b)
Since the MOND regime holds |∇φ| < a0 then we observe an enhancement in the gravito-
electric and gravitomagnetic field strength. The enhancement factor is
√
a0
|∇φ| . The last term
in the r.h.s of (A.9) is a new kind of gravitational force acting on the test particle. This new
force can be expressed through
F = m∇φ~v.∇φ× (∇×A)|∇φ|2
√
a0
|∇φ| , (A.11)
Two understand a possible meaning of this force let us consider the gravitoelectric and grav-
itomagnetic field strength of a spherical static mass distribution given in (9.1). The new force
then simplifies to
F =
√
4Ga0
Mc4
~v.~r × J
r3
rˆ (A.12)
Note that J is the total angular momentum of the mass distribution and it is proportional
to the total mass. Therefore the limit of M → 0 in the eq. (A.12) exists. This force is
in the direction of the gravitoelectric force and is less than it. So it would not significantly
change the physics. We, however, take the position that this new force is an artifact of naively
applying the MOND to the gravitomagnetic force.
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